problems as well; the use of renormalization theory as the basis of a
mathematical study of phase transitions and of localization yields strik-
ing results; as we mentioned, Yang-Mills theory played a central role
in constructing an exotic R4 and in understanding related topological
problems; the new geometric methods developed to understand the pos-
itive energy theorem in relativity extend the theory of harmonic maps;
the new proof of the index theorem inspired by supersymrnetric quan-
tum theory raises the possibility that index theory can be generalized;
"anomalies" of quantum physics (classical equations of motion which fail
in quantum theory) intrigue mathematicians and physicists all across the
country as they attempt to understand them as an aspect of K-iheoiy.

3.  Higher-Dimensional Manifolds

A major new possibility in the discipline of mathematics itself is
that three-dimensional and four-dimensional manifolds may prove as rich
in structure as the two-dimensional underpinnings of complex function
theory, with as many applications. If Riemann surface theory and the
associated analysis were a guiding concern for the century 1860-1960,
so may the study of manifolds of dimensions three and four and related
analysis be for the decades ahead. Thurston's work in dimension three
and the role of self-duality in dimension four suggest this. The work
leading to the nonuniqueness of differential structures on Euclidean space
of dimension four, is, we suspect, just the tip of an iceberg.

4.  Computing

One of the largest stimulations and challenges for mathematics,
and one of its greatest opportunities, will come from computation and
computers.9 The mathematics of computation now means the prepara-
tion and analysis of algorithms, the numerical treatment of those algo-
rithms, and the optimal preparation and use of the numerical analysis
on computing systems. It means even more.

Qualitative mathematical understanding is required to determine
whether the ensuing numerical solutions are meaningful: Are they
unique? Are they stable? Is the dependence on conditions and pa-
rameters reasonable? We must study the complexity of the algorithms

Again, see Appendix A for the relation of the mathematical sciences to computer
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